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CHAPTER 7

An Introduction to Belief Merging
and its Links with Judgment

Aggregation

Patricia Everaere, Sébastien Konieczny,
and Pierre Marquis

7.1 Introduction

Belief merging aims at defining the beliefs of a group of agents from their individ-
ual beliefs and some integrity constraints to be respected. This objective appears
as non-trivial as soon as some conflicts between the individual beliefs and pos-
sibly involving the constraints exist. For this reason, the belief merging issue
has raised much attention in artificial intelligence for more than two decades.
Many results of various nature have been obtained, including belief merging op-
erators (based on several intuitions), postulates for delineating the rational ones,
representation theorems establishing constructive ways of defining some belief
merging operators, the identification of the complexity of some operators, some
comparisons of their inferential powers, some implementations, and other re-
sults connected to several issues which are often addressed in social choice, like
strategy-proofness or truth-tracking.

The main goal of this chapter is to give an introduction to propositional belief
merging and to stress some of the links and differences between propositional
belief merging (BM) and judgment aggregation (JA). While BM and JA have been
developed mainly independently, they are two logically-founded theories of logi-
cal aggregation, with similar objectives. Accordingly, some connections between
the two have already been exploited in some previous works. Thus, Pigozzi (2006)
shows how one can take advantage of a BM operator for defining a JA one. Study-
ing what make BM and JA close and what make them different is useful for a
better understanding of the pros and the cons of the two theories.

Let us illustrate what a belief merging process is on a simple scenario. Con-
sider three agents 1, 2 and 3, each of them associated with a belief base K1, K2

and K3 (respectively), as given in Figure 7.1 (we do not consider any integrity
constraints — stated otherwise, the integrity constraint is a tautology).

The objective of belief merging is to define the beliefs of the group of agents
(the merged base) from the individual beliefs of its members. For this example,



124 P. Everaere et al.

K1 K2 K3

a, b → c a, b ¬ a

Figure 7.1: An example of belief merging: ∆(K1,K2,K3) = ?

one cannot simply consider the conjunction (union) of the bases as the result of
the merging process since this conjunction is not consistent. A closer look at
the bases shows that a is a conflicting piece of belief, while no conflict involves
b or b → c. If b and b → c are kept in the merged base, then c can be inferred
at the group level, though none of the agents can draw such a conclusion alone.
Accordingly, "new" pieces of belief, i.e., beliefs that no agent can infer alone, can
be generated during the merging process. Now, if one wants to go further in the
merging process and get some information about a, a majority argument can be
used. Indeed, two out of the three agents believe that a is true, and this can
be considered as a sufficient reason for considering a also as a piece of belief at
the group level. Note that in belief merging adhering to such a majority principle
is not mandatory, but there is a subclass of majority merging operators which
are based on it. Similarly, there also exists a subclass of so-called arbitration
operators, which aim at defining a merged base which is as close as possible to
the base of each agent.

In the following, after a presentation of BM and JA which aims at introducing
a number of key concepts and postulates, we focus on the relations and differ-
ences between BM and JA. For this purpose, we investigate the question of how
to define the judgment set of an agent given her belief base and an agenda. On
this ground, we show that the beliefs produced by a BM operator and those pro-
duced by a JA one can easily be incompatible, even if the two operators satisfy
some rationality conditions. Interestingly, in the restricted case when the two
approaches are equally informed (i.e., when the agenda is the set of all interpre-
tations), every merging operator can be associated with a judgment aggregation
operator, and vice versa. We show that some close connections can be estab-
lished, linking the satisfaction of some postulates by the pairs of operators that
correspond to each other.

7.2 On Belief Merging

We consider a propositional language L defined from a finite set P of propositional
symbols and the usual connectives, including the Boolean constants > and ⊥.

An interpretation (or state of the world) ω is a total function from P to {0, 1}.
The set of all interpretations is denoted by W. An interpretation ω is usually
represented by a bit vector whenever a strict total order on P is specified. It can
also be viewed as the complete formula

∧
p∈P|ω(p)=1 p ∧

∧
p∈P|ω(p)=0 ¬p.

The symbol |= denotes the logical entailment relation and ≡ the logical equiv-
alence relation. The set of models of a formula ϕ is denoted by [ϕ], i.e.,
[ϕ] = {ω ∈ W | ω |= ϕ}.
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A belief base K is a finite set of propositional formulae {ϕ1, . . . , ϕk}. We denote
by
∧
K the conjunction of the formulae of K, i.e.,

∧
K = ϕ1 ∧ . . . ∧ ϕk. In order

to simplify the notation, we often identify1 a base K with the formula
∧
K. We

suppose that each belief base is consistent, and denote by K the set of all bases.
A profile E represents the beliefs of a group of n agents involved in the

merging process; formally E is given by a vector (K1, . . . ,Kn) of belief bases,
where Ki is the belief base of agent i (different agents are allowed to exhibit
identical bases). The conjunction of all elements of E is denoted

∧
E, i.e.,∧

E =
∧
K1 ∧ . . . ∧

∧
Kn and if E = (K1, . . . ,Ki) and E′ = (K ′

1, . . . ,K
′
j), E t E′

denotes the profile (K1, . . . ,Ki,K
′
1, . . . ,K

′
j). E is the set of all profiles. A profile E

is said to be consistent if and only if
∧
E is consistent.

We denote by Ep the profile Ep = E t . . . t E︸ ︷︷ ︸
p

. Two profiles E = (K1, . . . ,Kn) and

E′ = (K ′
1, . . . , K

′
n) are equivalent, denoted E ≡ E′, if there exists a permutation π

over {1, . . . , n} such that for each i ∈ 1, . . . , n, we have Ki ≡ K ′
π(i). If 6 is a preorder

onW (i.e., a reflexive and transitive relation), then < denotes the associated strict
order defined by ω < ω′ if and only if ω 6 ω′ and ω′ 66 ω. A preorder is total if
∀ω, ω′ ∈ W, ω 6 ω′ or ω′ 6 ω. A preorder that is not total is called partial. If 6 is a
preorder on A, and B ⊆ A, then min(B,6) = {b ∈ B | @a ∈ B a < b}.

An integrity constraint µ is a consistent formula restricting the possible re-
sults of the merging process.

Merging operators are mappings from the set of profiles and the set of propo-
sitional formulae (that represent integrity constraints) to the set of bases, i.e.
∆ : E × L → K. We use the notation ∆µ(E) instead of ∆(E,µ). ∆(E) is short for
∆>(E).

We first present the main logical properties pointed out for characterizing the
IC merging operators and recall a representation theorem for them, expressed
in terms of preorders on interpretations. Some of these properties had been
proposed by Revesz (1997) in order to define model fitting operators. They have
been extended by Konieczny and Pino Pérez (2002b).

Definition 7.1. A merging operator ∆ is an IC merging operator if it satisfies the
following properties (the so-called IC postulates):

(IC0) ∆µ(E) |= µ

(IC1) If µ is consistent, then ∆µ(E) is consistent
(IC2) If

∧
E ∧ µ is consistent, then ∆µ(E) ≡ ∧E ∧ µ

(IC3) If E1 ≡ E2 and µ1 ≡ µ2, then ∆µ1(E1) ≡ ∆µ2(E2)

(IC4) If K1 |= µ and K2 |= µ, then ∆µ((K1,K2)) ∧ K1 is consistent if and only if
∆µ((K1,K2)) ∧K2 is consistent

(IC5) ∆µ(E1) ∧∆µ(E2) |= ∆µ(E1 t E2)

(IC6) If ∆µ(E1) ∧∆µ(E2) is consistent, then ∆µ(E1 t E2) |= ∆µ(E1) ∧∆µ(E2)

(IC7) ∆µ1(E) ∧ µ2 |= ∆µ1∧µ2(E)
1This identification is done when the BM operator under consideration is not sensitive to the

syntactical representation of the bases. Otherwise, it is important to make a distinction between a
base K and the conjunction of its formulae (see e.g., Konieczny et al., 2004).
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(IC8) If ∆µ1(E) ∧ µ2 is consistent, then ∆µ1∧µ2(E) |= ∆µ1(E)

The meaning of the postulates is as follows: when satisfied, (IC0) ensures
that the merged base satisfies the integrity constraints. (IC1) states that if the
integrity constraints are consistent, then the merged base is consistent as well.
(IC2) states that the merged base is the conjunction of the belief bases with the
integrity constraints when this conjunction is consistent. (IC3) is the princi-
ple of irrelevance of syntax, i.e., if two profiles are equivalent and two integrity
constraints bases are logically equivalent then the corresponding merged bases
are logically equivalent. (IC4) is a fairness postulate: when two belief bases are
merged, no preference has to be given to one of them. (IC5) expresses the fol-
lowing idea: if two profiles E1 and E2 agree on some models then these models
must be chosen if the two profiles are joined. (IC5) and (IC6) together state that
if the merged bases corresponding to two profiles agree on some models, then if
the two profiles are joined, the models of the corresponding merged base must be
those models for which there is an agreement. (IC7) and (IC8) can be viewed as
a direct generalization of the (R5-R6) postulates for belief revision (Katsuno and
Mendelzon, 1991). They state some conditions about conjunctions of integrity
constraints. Actually, they ensure that the notion of closeness one wants to cap-
ture is well-behaved. If a model ω is chosen in the set of possible models [µ],
then if the set of possible models is narrowed but ω still belongs to the resulting
set, it still must be selected. Similar properties to this quite natural requirement
appear in different social choice theories.

The IC properties are the basic ones one could expect for BM operators. Some
additional requirements can be considered for constraining further the behavior
of the merging operators. Especially, two important subclasses of IC merging
operators consist of the majority operators and the arbitration operators. First
of all, a majority merging operator is an IC merging operator that satisfies the
following majority postulate:

(Maj) ∃n ∆µ(E1 t En2 ) |= ∆µ(E2)

This postulate expresses the fact that if a subgroup is repeated sufficiently
many times in a profile then the opinion of this subgroup must prevail. Majority
merging operators aim at satisfying the group of agents as a whole. Contrastingly,
arbitration operators aim at satisfying each agent of the group as far as possi-
ble. Formally, an arbitration operator is an IC merging operator that satisfies the
following arbitration postulate:

(Arb) If ∆µ1(K1) ≡ ∆µ2(K2),∆µ1↔¬µ2((K1,K2)) ≡ (µ1 ↔ ¬µ2), µ1 6|= µ2, and µ2 6|= µ1,
then ∆µ1∨µ2((K1,K2)) ≡ ∆µ1(K1)

This property, which is much more intuitive when it is expressed in a model-
theoretical way (cf. condition 8 of a fair syncretic assignment in Definition 7.2),
roughly states that "median models" must be preferred.

We now present some representation theorems that give more constructive
ways to define rational BM operators than the previous postulates. Such theo-
rems show that each IC merging operator corresponds to a family of preorders on
interpretations. First, one needs to define the notion of syncretic assignment.
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Definition 7.2. A syncretic assignment is a mapping associating with each profile
E a total preorder 6E over W such that for any profile E,E1, E2 and for any belief
base K,K ′ the following conditions hold:

1. If ω |= E and ω′ |= E, then ω 'E ω′

2. If ω |= E and ω′ 6|= E, then ω <E ω′

3. If E1 ≡ E2, then 6E1
=6E2

4. ∀ω |= K ∃ω′ |= K ′ ω′ 6(K,K′) ω

5. If ω 6E1 ω
′ and ω 6E2 ω

′, then ω 6E1tE2 ω
′

6. If ω <E1 ω
′ and ω 6E2 ω

′, then ω <E1tE2 ω
′

A majority syncretic assignment is a syncretic assignment which satisfies
the following condition:

7. If ω <E2 ω
′, then ∃n ω <E1tEn

2
ω′

A fair syncretic assignment is a syncretic assignment which satisfies the
following condition:

8. If ω <K1
ω′, ω <K2

ω′′, and ω′ '(K1,K2) ω
′′, then ω <(K1,K2) ω

′

The two first conditions ensure that the models of the conjunction of the bases
from the profile (if any) are the most plausible interpretations for the preorder as-
sociated with the profile. The third condition states that two equivalent profiles
are associated with the same preorders. These first three conditions are very
close to the ones considered in belief revision for defining faithful assignments
(Katsuno and Mendelzon, 1991). The fourth condition states that, when merging
two belief bases, for each model of the first one, there is a model of the second
one that is at least as good as the first one. It ensures that the two bases receive
equal treatments in the merging process. The fifth condition states that if an
interpretation ω is at least as plausible as an interpretation ω′ for a profile E1 and
if ω is at least as plausible as ω′ for a profile E2, and if one then joins the two
profiles, then ω must be at least as plausible as ω′. The sixth condition strength-
ens the previous condition by stating that if an interpretation ω is at least as
plausible as an interpretation ω′ for a profile E1 and if ω is strictly more plausible
than ω′ for a profile E2, then if the two profiles are joined, ω must be strictly more
plausible than ω′. These two conditions are very close the to Pareto conditions in
social choice. The seventh condition states that if an interpretation ω is strictly
more plausible than an interpretation ω′ for a profile E2, then there is a quorum n
of repetitions of the profile E2 such that ω is more plausible than ω′ for the larger
profile E1 t En2 . This condition seems to be the weakest form of “majority” con-
dition one could state. Finally, the eighth condition states that "median choices"
must be preferred by the group. More precisely, if an interpretation ω is more
plausible than an interpretation ω′ for a belief base K1, if ω is more plausible
than ω′′ for another base K2, and if ω′ and ω′′ are equally plausible for the joint
profile (K1,K2), then ω has to be more plausible than ω′ and ω′′ for (K1,K2).

The following representation theorems have been established:
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Proposition 7.1 (Konieczny and Pino Pérez, 2002a). A merging operator ∆ is
an IC merging operator (resp. a majority merging operator, an arbitration operator)
if and only if there exists a syncretic assignment (resp. a majority syncretic assign-
ment, a fair syncretic assignment) that maps each profile E to a total preorder 6E
over W such that mod(∆µ(E)) = min(mod(µ),6E)

7.3 On Distance-Based Merging Operators

Let us now give some examples of IC merging operators from the family of
distance-based merging operators (Konieczny et al., 2004). For such operators,
the total preorders 6E generated by the corresponding assignments are induced
from a distance between interpretations and an aggregation function: an inter-
pretation ω is at least as close to E as an interpretation ω′, i.e., ω 6E ω′, if the
(aggregated) distance of ω to E is lower than or equal to the (aggregated) distance
of ω′ to E. Formally:

Definition 7.3. A (pseudo-)distance between interpretations is a mapping d :W ×
W → IR+ such that for any ω1, ω2 ∈ W:

• d(ω1, ω2) = d(ω2, ω1)

• d(ω1, ω2) = 0 if and only if ω1 = ω2

Typical distances are the Hamming distance dH , that is the number of propo-
sitional letters on which the two interpretations differ and the drastic distance
dD, defined as dD(ω1, ω2) = 0 if ω1 = ω2, and = 1 otherwise.

Definition 7.4. An aggregation function is a mapping2 f from Rm to R, which
satisfies:

• if xi > x′i, then f(x1, ..., xi, ..., xm) > f(x1, ..., x
′
i, ..., xm) (non-decreasingness)

• f(x1, . . . , xm) = 0 if ∀i, xi = 0 (minimality)
• f(x) = x (identity)
• If σ is a permutation over {1, . . . ,m}, then f(x1, . . . , xm) = f(xσ(1), . . . , xσ(m))

(symmetry)

Some additional properties can also be considered for f , especially:

• if xi > x′i, then f(x1, ..., xi, ..., xm) > f(x1, ..., x
′
i, ..., xm)

(strict non-decreasingness)
• If f(x1, . . . , xn) 6 f(y1, . . . , yn), then f(x1, . . . , xn, z) 6 f(y1, . . . , yn, z)

(composition)
• If f(x1, . . . , xn, z) 6 f(y1, . . . , yn, z), then f(x1, . . . , xn) 6 f(y1, . . . , yn)

(decomposition)
• If ∀i, z > yi, then f(z, x1, . . . , xn) > f(y1, . . . , yn+1) (strict preference)

Standard aggregation functions are Σ (sum), Gmax (also referred to as leximax ),
Gmin (also referred to as leximin), and Σn (sum of the nth powers).

2Strictly speaking, it is a family of mappings, one for each integer m > 1.
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Definition 7.5. Let d and f be a distance between interpretations and an aggre-
gation function, respectively. The distance-based merging operator ∆d,f is defined
semantically by

[∆d,f
µ (E)] = min([µ],6d,fE )

where the total preorder 6E on W is defined in the following way :

• ω 6d,fE ω′ if and only if dd,f (ω,E) 6 dd,f (ω′, E)

• dd,f (ω, (K1, . . . ,Kn)) = f(d(ω,K1), . . . , d(ω,Kn))

• d(ω,K) = minω′|=K d(ω, ω′)

Example 7.1. As a matter of illustration, consider the three belief bases: K1 =
{¬a∧¬b∧¬c}, K2 = {(a∧b)∨(¬a∧¬b∧c)} and K3 = {a∧b∧c}. We have [K1] = {000},
[K2] = {001, 110, 111} and [K3] = {111}. Suppose that the integrity constraints are
µ = (a ∨ c) ∧ (a ∧ c→ b).

The following table reports the merged bases corresponding to the merging of the
profile (K1,K2,K3) under µ for some of the most usual distance-based operators.
The lines of the table correspond to the available interpretations. In this example,
three propositional symbols a, b and c are considered, so there are 8 interpreta-
tions (6 being models of µ). The first three columns give the Hamming distance of
the models to each base, the last four columns indicate the aggregated distances
of the models to E, depending on the chosen aggregation function. The selected
interpretations (depending on the chosen aggregation function) are boldfaced.

This example clearly shows that different BM operators can lead to different
merged bases. ∆Gmin,dH and ∆Σ,dH are majority merging operators, so they tend
to select interpretations satisfying a maximal number of bases. ∆Gmax,dH is an
arbitration operator, so it tends to select "median interpretations".

K1 K2 K3 ∆Gmax,dH ∆Gmin,dH ∆Σ,dH ∆Σ2,dH

001 1 0 2 210 012 3 5
011 2 1 1 211 112 4 6
100 1 1 2 211 112 4 6
110 2 0 1 210 012 3 5
111 3 0 0 300 003 3 9

On this example, 111 is selected by the operators based on Gmin or Σ because
they are majoritarian operators, and ∆Gmin,dH ≡ a ∧ b ∧ c. 001 or 110 are selected
by the operators based on Gmax or Σ2, because these interpretations are more
consensual than the other ones. Thus, we have ∆Gmax,dH ≡ (¬a∧¬b∧c)∨(a∧b∧¬c).

For usual aggregation functions, whatever the chosen distance, the corre-
sponding distance-based BM operators exhibit good logical properties:

Proposition 7.2 (Konieczny and Pino Pérez, 2002b). For any distance d, if f is
equal to Σ, Gmax , Gmin, or Σn, then ∆d,f is an IC merging operator.

More generally, in (Konieczny et al., 2004), a necessary and sufficient condi-
tion on the chosen aggregation function f is identified, ensuring that the corre-
sponding distance-based BM operators ∆d,f are IC ones (whatever the distance d):



130 P. Everaere et al.

Proposition 7.3. Let d and f be a distance between interpretations and an aggre-
gation function respectively. The operator ∆d,f satisfies the postulates (IC0-IC8) iff
the aggregation function f satisfies composition and decomposition.

To conclude this introduction to BM, we sketch some alternative approaches.
Though we mainly focused on model-based BM operators in this introduction, it
must be noted that formula-based BM operators have also been defined (Baral
et al., 1991, 1992). The general principle underlying them is to select some pre-
ferred consistent subsets of formulae from the union of all the bases of the input
profile. One important limitation of the formula-based BM approaches is to pos-
sibly forget some important pieces of information available in the input profile,
such as the number of bases supporting each formula. On the other hand, in-
consistent belief bases can be taken into account easily by such approaches.
Formula-based BM operators have been shown to satisfy less postulates than
the model-based ones (Konieczny, 2000). Konieczny et al. (2004) generalize the
family of distance-based BM operators to so-called DA2 operators, in order to take
advantage of the pros offered by distance-based BM operators and by formula-
based operators. Thus, DA2 operators can deal with inconsistent belief bases and
are based on two aggregation functions: the first one is used to extract pieces
of belief from inconsistent bases and the second one to aggregate the resulting
pieces of belief.

Everaere et al. (2008) have defined and studied conflict-based merging oper-
ators. These operators refine the distance-based ones by computing conflicts.
They aim at minimizing the conflicts between the beliefs of the agents. Default-
based merging operators have also been introduced by Delgrande and Schaub
(2007). In this work, inconsistencies are fixed by renaming some propositional
symbols, and the merged bases are characterized as those requiring "as few re-
namings as possible".

Additional merging postulates have also been pointed out in the literature. Let
us mention the work of Everaere et al. (2010) where a Unanimity postulate for
BM operators has been introduced. This postulate can be considered either for
formulae or for models: if all agents share a common piece of belief, it should
be the case that the merged base also supports this piece of belief. Everaere
et al. (2010) also define a Disjunction postulate, which is in a certain sense a
counterpoint to the arbitration postulate (Arb). This postulate ensures that every
logical consequence of the merged base is among the logical consequences of at
least one input base. Other properties inspired by similar conditions in social
choice have been translated into the BM framework. This led to the definitions
of various notions of interest for merging, like truth tracking by Everaere et al.
(2007), rationalization by Konieczny et al. (2011), or egalitarianism by Everaere
et al. (2014a). Recently, a study of voting properties in the context of BM has also
been conducted by Haret et al. (2016).

Merging has also been studied in other representation frameworks than the
purely propositional one. When all the pieces of information belonging to the
bases do not have the same importance, weighted approaches must be consid-
ered. Many frameworks have been defined and studied to take account of the
relative plausibility of pieces of belief, including possibilistic logic (Dubois et al.,
1994) and ordinal conditional functions (Spohn, 1987). Thus, Delgrande et al.
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(2006) define prioritized merging operators, in order to merge sets of weighted
formulae. Benferhat, Dubois, Kaci and Prade point out several merging opera-
tors suited to representations in possibilistic logic (Kaci et al., 2000; Benferhat
et al., 2002).

Bloch and Lang (2000) define model-based merging operators using maximum
as aggregation function (∆d,max) and show how the corresponding merged bases
can be characterized via a dilation process. Gorogiannis and Hunter (2008) ex-
tend this approach in order to define other model-based merging operators, based
on a dilation process. The interest of the dilation-based approach is that it can
be extended to first-order logic without much efforts.

The issue of merging logic programs under ASP semantics has also been con-
sidered. The approach to merging given in (Hué et al., 2009) relies on the deletion
of a set of formulae in the union of the bases, characterized using a selection
function (the idea is close to the one considered in (Konieczny, 2000)). The corre-
sponding operators satisfy only some IC postulates. Let us also mention the work
of Delgrande et al. (2009), where the merging operators pointed out are based on
the definition of a distance between stable models.

Condotta et al. (2009) studied the merging of qualitative constraint networks.
Finally, Coste-Marquis et al. (2007) and Delobelle et al. (2016) study the prob-
lem of merging argumentation frameworks, where the arguments are distributed
among several agents.

7.4 On Judgment Aggregation

Let us now briefly present some definitions and notation used in the following.
An agenda X = {ϕ1, . . . , ϕm} is a finite, non-empty and totally ordered set of
contingent (i.e., consistent but not valid) propositional formulae. A judgment
on a formula ϕk of X is an element of D = {1, 0, ?}, where 1 means that ϕk is
supported, 0 that ¬ϕk is supported, ? that neither ϕk nor ¬ϕk is supported. A
judgment set on X is a mapping γ from X to D, also viewed as an m-vector over
D, when the cardinality of X is m, or alternatively as the set of formulae such
that ϕk ∈ γ when γ(ϕk) = 1, ¬ϕk ∈ γ when γ(ϕk) = 0, for every ϕk ∈ X. For each ϕk
of X, γ is supposed to satisfy γ(¬ϕk) = ¬γ(ϕk), where ¬γ is given by ¬γ(ϕk) = ? if
γ(ϕk) = ?, ¬γ(ϕk) = 1 if γ(ϕk) = 0, and ¬γ(ϕk) = 0 if γ(ϕk) = 1.

Judgment sets are often asked to be consistent and complete, where a judg-
ment set is complete if ∀ϕk ∈ X, γ(ϕk) = 0 or γ(ϕk) = 1, and a judgment set γ
on X is consistent if the associated formula (judgment) γ̂ =

∧
{ϕk∈X|γ(ϕk)=1} ϕk ∧∧

{ϕk∈X|γ(ϕk)=0} ¬ϕk is consistent.
Aggregating judgments consists in associating a set of collective judgment

sets with a profile containing n individual judgment sets (one per agent): a profile
Γ = (γ1, . . . , γn) of judgment sets on X is a non-empty vector of judgments sets
on X. Γ is consistent (resp. complete) when each judgment set in it is consistent
(resp. complete).

For each agenda X, a JA operator Ag associates with a consistent profile Γ
on X a non-empty set AgΓ of collective judgment sets γΓ on X, also viewed as a
formula (the collective judgment) ÂgΓ =

∨
γΓ∈AgΓ

γ̂Γ. For ϕk ∈ X, we note AgΓ(ϕk) =
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1 (resp. AgΓ(ϕk) = 0) if and only if ∀γΓ ∈ AgΓ, γΓ(ϕk) = 1 (resp. ∀γΓ ∈ AgΓ, γΓ(ϕk) =
0), and AgΓ(ϕk) = ? in the remaining case.

When AgΓ is a singleton for each Γ, the JA operator Ag is called a resolute JA
rule, and it is called an irresolute JA rule (or a JA correspondence in (Lang et al.,
2011)) otherwise.

Here are some common properties for JA rules that have been identified in the
literature:

Universal domain. The domain of Ag is the set of all consistent profiles.

This property is often relaxed, as in (List and Pettit, 2002), to:

C-universal domain. The domain of Ag is the set of all profiles which are consis-
tent and complete.

Some properties also state that the result should be consistent and complete:

Collective rationality. For any profile Γ in the domain of Ag, AgΓ is a set of
consistent collective judgment sets.

Collective completeness. For any profile Γ in the domain of Ag, AgΓ is a set of
complete collective judgment sets.

For obvious equity reasons, agents and issues are expected to play symmetric
roles:

Anonymity. For any two profiles Γ = (γ1, . . . , γn) and Γ′ = (γ′1, . . . , γ
′
n) in the

domain of Ag which are permutations one another, we have AgΓ = AgΓ′ .

Neutrality. For any ϕ,ϕ′ in the agenda X and profile Γ in the domain of Ag, if ∀i
γi(ϕ) = γi(ϕ

′), then AgΓ(ϕ) = AgΓ(ϕ′).

A more demanding property is:

Independence. For any ϕ in the agenda X and profiles Γ = (γ1, . . . , γn) and
Γ′ = (γ′1, . . . , γ

′
n) in the domain of Ag, if ∀i γi(ϕ) = γ′i(ϕ), then AgΓ(ϕ) = AgΓ′(ϕ).

Systematicity. For any ϕ,ϕ′ in the agenda X and profiles Γ = (γ1, . . . , γn) and
Γ′ = (γ′1, . . . , γ

′
n) in the domain of Ag, if ∀i γi(ϕ) = γ′i(ϕ

′), then AgΓ(ϕ) = AgΓ′(ϕ
′).

Clearly, Systematicity is equivalent to Independence and Neutrality.
The above properties are quite standard ones, but unfortunately they are

jointly incompatible:

Proposition 7.4 (List and Pettit, 2002). There exists no JA rule that satisfy C-
universal domain, Collective rationality, Collective resoluteness, System-
aticity, and Anonymity.

This impossibility theorem relies on some strong assumptions. First is the
completeness assumptions of the individuals (C-universal domain), that can be
criticized, since in many cases one cannot reasonably expect all agents to have an
opinion on all possible issues; this is also the case of the Collective complete-
ness property, that is helpful for making decisions, but forces to make some
choices even when it is not possible to do so (Gärdenfors, 2006). Thus the Col-
lective completeness requirement imposes sometimes to discriminate further
some judgment sets, using additional information not given in the input profile,



Belief Merging and Judgment Aggregation 133

Γ ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6

1 1 1 0 1 1 1
2 1 1 1 0 1 1
3 1 1 1 1 0 1
4 1 1 1 1 1 0
5 1 0 1 1 1 1
6 1 0 1 1 1 1

Γ′ ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6

1′ 0 1 1 1 1 1
2′ 0 1 1 1 1 1
3′ 0 1 1 1 1 1
4′ 0 1 1 1 1 1
5′ 1 0 0 0 0 0
6′ 1 0 0 0 0 0

Table 7.1: Example of the need of a non-isolated decision on ϕ2

and as such, it conflicts with the Anonymity and Neutrality conditions. Sup-
pose for instance a perfect tie (say, about a unique issue ϕ in the agenda, with
4 votes for and 4 votes against it), why and how to make a distinction between
ϕ and ¬ϕ? The Systematicity property is also highly criticizable, as shown by
Everaere et al. (2014b). Indeed, it prevents from viewing JA as an optimization
process, trying to achieve a best compromise. The following example illustrates
this:

Example 7.2. Let us consider an agendaX composed of the following six formulae:
ϕ1 = (¬a∨¬b∨¬c∨¬d∨¬e), ϕ2 = a, ϕ3 = b, ϕ4 = c, ϕ5 = d, ϕ6 = e. Let us consider the
profiles Γ and Γ′ on this agenda, as given by Table 7.1. In the (resolute) profile Γ,
every formula has a majority of votes, so using simple majority vote all the formulae
have to be selected, which would lead to an inconsistent collective judgment set.
So (at least) one of the six formulae has to be rejected by the judgment aggregation
correspondence. There is a unanimity for accepting ϕ1, so it seems sensible to
select ϕ1 in the result. All the other formulae except ϕ2 are quasi-unanimous (they
get all votes but one). The least supported formula is ϕ2, so we can consider that
the most sensible result should be γΓ = {ϕ1,¬ϕ2, ϕ3, ϕ4, ϕ5, ϕ6}.

Consider now the profile Γ′. The simple majority vote leads to a consistent
collective judgment set γΓ′ = {¬ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, ϕ6}, which thus appears as the
expected result (a requirement of the majority preservation property that we will
recall below). So, although the individual judgments for ϕ2 are the same ones in
the two profiles Γ and Γ′, ¬ϕ2 is selected when Γ is considered, whereas ϕ2 is
selected when Γ′ is considered. Since ϕ2 gets the same votes pros and cons in the
two profiles, no judgment aggregation method satisfying Systematicity can make
such a distinction.

This example illustrates that the individual judgments on an issue should not
be considered independently from those for the other issues.

Lang et al. (2011) and Everaere et al. (2014b) study other attractive properties
for JA operators, such as Unanimity or Majority preservation.
Unanimity. For any ϕk ∈ X, for any profile Γ in the domain of Ag, if ∃x ∈ {0, 1}
s.t. ∀γi ∈ Γ, γi(ϕk) = x, then for every γΓ ∈ AgΓ, we have γΓ(ϕk) = x.

Note that a unanimity condition is not required when x = ?, since in this case
it makes sense to let the acceptance of ϕk depend on the acceptance of other
(logically related) formulae.
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Majority preservation. If the judgment set obtained using the majority rule3 is
consistent and complete, then AgΓ is a singleton which consists of this set.

Majority preservation (Lang et al., 2011) (called strong majority preservation
by Slavkovik (2012)) is a very natural property, stating that if the simple majority
vote on each issue leads to a consistent judgment set, then the JA operator must
output precisely this set. Indeed, it is sensible to stick to the result furnished by
a simple majority vote when no doctrinal paradox occurs.

Many JA operators that have been defined in the literature, but most of them,
following the requirements given by the Systematicity/Independence proper-
ties, do not allow to consider the collective judgment sets as the results of some
optimization process, aiming at making decision on each issue by taking the con-
text (i.e., the other issues) into account. Nonetheless, Lang et al. (2011) introduce
several families of JA operators based on minimization, inspired by operators
considered in voting theory or in artificial intelligence. Majority preservation is
presented as a natural requirement for such operators. Everaere et al. (2014b)
define another family of operators, called ranked majority operators, that exploit
the number of votes received by each formula of the agenda.

7.5 BM vs. JA

A fundamental difference between BM and JA concerns the nature of the input
and the nature of the output considered in the two settings. Propositional BM
mainly considers the beliefs of individual agents from a group. Beliefs are typi-
cally encoded by belief bases, i.e., sets of propositional formulae over a finite set
of atoms, or, equivalently, by sets of interpretations. Interpretations are indepen-
dent and mutually conflicting views of the same world, and each agent believes
that the true world is one of the interpretations in her beliefs. Belief bases are
often supposed to be consistent. In many approaches to BM, the notion of in-
terpretation is a key notion, since the interpretations are the “candidates” of the
decision process (in a nutshell, belief merging can be defined as a process which
aims at finding the most plausible interpretations given the beliefs of the agents of
the group). The selection of the most plausible interpretations relies on a number
of principles. The notion of majority can play a role here (i.e., one can focus on
interpretations shared by a majority of agents) but this is not mandatory, some
BM operators can select interpretations that are rejected by every agent of the
group. The belief base provided by each agent is implicitly assumed to contain
all the pieces of belief to be considered in the merging process. Modifying a single
base by adding/removing some pieces of belief may have a strong impact on the
result furnished by the merging operator, which can be logically strengthened,
weakened or become logically unrelated with the merged base obtained before
the modification.

In JA, a focus is laid on a specific set of issues, encoded as propositional
formulae ϕ, and called the agenda. The input is a set of individual judgments

3Several definitions are possible for the majority rule when abstention is allowed. Here, one con-
siders that the majority rule gives 1 (resp. 0) when the number of agents reporting 1 (resp. 0) is strictly
greater than the number of agents reporting 0 (resp. 1), and it gives ? otherwise.
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(0/reject or 1/accept or ?/abstain) from the agents of the group on the formulae
of the agenda. If an agent accepts/rejects ϕ, then she rejects/accepts ¬ϕ. No
assumption is made on the way individual decisions/judgments are made by
each agent (but a consistency condition, stating that an agent cannot accept
formulae that are jointly inconsistent, reflecting the fact that she has consistent
beliefs). Each individual judgment reflects the epistemic status of each formula
from the agenda in the belief base of the corresponding agent (but nothing more).
The beliefs of the group are determined from the collective judgment(s) on the
agenda, which is the result produced by the JA operator that is considered. The
principle of majority plays an important role here. Typically, the judgment of the
group on a given formula ϕ of the agenda is the point of view of the majority on it:
if a majority of agents accept/reject it, then this is the case as well for the group.
A doctrinal paradox occurs when the conjunction of the formulae accepted by
the group is inconsistent. In such a case, the resulting collective judgment must
be somehow weakened for recovering consistency, and several approaches can be
used to this purpose (e.g., considering that some formulae of the agenda are more
important than others). Modifying the agenda by adding/removing some issues
in it may have a strong impact on the collective judgment(s) furnished by the JA
operator. Typically, no integrity constraints are considered in a JA process, but
it could be possible to do it (merely, by replacing the notion of consistency by a
notion of consistency with the integrity constraints).

Unsurprisingly, since BM operators and JA operators are based on differ-
ent inputs and outputs, the sets of properties of interest for BM operators and
for JA operators do not coincide. In propositional BM, some sets of postulates
characterize the behavior of rational operators, and representation theorems ex-
ist. In judgment aggregation, some properties (often inspired by voting theory)
have been identified as well. However, these properties typically lead to impos-
sibility theorems, showing that they are not jointly compatible. That said, some
judgment aggregation operators have nevertheless been characterized by sets of
properties, as the quota operators in (Dietrich and List, 2007) (the work of Grandi
and Endriss (2011) gives also a characterization of quota rules using binary ag-
gregation and suited integrity constraints).

7.6 Decision Policies

As explained previously, BM and JA consider different inputs. Notwithstanding
the integrity constraints, in BM, the input is a profile of belief bases, representing
the beliefs of a group of agents. In JA, the input is composed of answers "yes" (1),
"no" (0) or "undetermined" (?) reported by the agents for some issues (those of the
agenda), and the input profile is a vector of such answers (alias judgment sets).
Of course, agents might use their beliefs to answer the questions, but it is out of
the scope of JA operators to specify how individual judgments are obtained.

Let us consider the following question: if the beliefs Ki of an agent i are known,
given an issue ϕk, what could be the opinion of the agent on the issue?

Suppose that the agent only believes that a∧b is true, and is questioned about
a: she will probably answer "yes" to the question because she necessarily believes
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that a is true. If the question is ¬b, she will probably answer "no" because b being
false is incompatible with her beliefs. Suppose now that the agent just believes
that a is true, and that the question is a ∧ b. In this case the agent probably has
no opinion on the question (the question is contingent given her beliefs), thus she
will probably answer "undetermined".

What is needed to make it formal is a mapping which characterizes the an-
swers (i.e., the judgment set) an agent can give to the issues of the agenda,
depending on her belief base. We call such mapping decision policies, and our
purpose is first to characterize them axiomatically:

Definition 7.6. A decision policy p : L × L → {0, 1, ?} is a mapping associating an
element of {0, 1, ?} with any pair of non-trivial formulae (K,ϕ) and satisfying:
1. if K1 ≡ K2, then ∀ϕ, p(K1, ϕ) = p(K2, ϕ)

2. if ϕ1 ≡ ϕ2, then ∀K, p(K,ϕ1) = p(K,ϕ2)

3. p(ϕ,ϕ) = 1

Conditions 1 and 2 can be viewed as a formal counterpart, respectively, of a
neutrality condition and of an anonymity condition for decision policies.

Given an agenda X = {ϕ1, . . . , ϕm} and a belief base K (respectively a profile
E = (K1, . . . ,Kn) of belief bases), every decision policy p induces a judgment set
pX(K) = (p(K,ϕ1), . . . , p(K,ϕm)) (resp. a profile of judgment sets pX(E) = (pX(K1),
. . . , pX(Kn)).

Examples of decision policies are the following ones:

pB(K,ϕ) =





1 if K |= ϕ
0 if K |= ¬ϕ
? otherwise

pC(K,ϕ) =

{
1 if K ∧ ϕ 6|= ⊥
0 otherwise

Using the belief decision policy pB, an agent answers "yes" (resp. "no") to a
given issue precisely when it (resp. its negation) is a logical consequence of her
belief base; in the remaining case, she answers "undetermined".

Observe that with the consistency decision policy pC it is possible to have to-
gether pC(Ki, ϕk) = 1 and pC(Ki,¬ϕk) = 1 (for instance, a belief base equivalent to
a is consistent with b and with ¬b). In order to avoid this problem, some additional
conditions must be satisfied:

Definition 7.7. Let p : L×L → {0, 1, ?} be a decision policy. It is a rational decision
policy if it satisfies the two following conditions:
4. if p(K,ϕ) = 1, then p(K,¬ϕ) = 0

5. If K1 ∧K2 is consistent and if p(K1, ϕ) = 1 then p(K1 ∧K2, ϕ) = 1

It turns out that these two additional conditions fully characterize the belief
decision policy:

Proposition 7.5. p is a rational decision policy if and only if p = pB.

pB also ensures individual consistency:

Proposition 7.6. Whatever the belief base K and the agenda X, if γ is the judg-
ment set on X induced by pB given K, then the associated judgment γ̂ is consistent.



Belief Merging and Judgment Aggregation 137

K1, . . . ,Kn -
∆

BM

∆(K1, . . . ,Kn) ≡ K

?

p

?

p

ϕ1, . . . , ϕm -Ag

JA
Agϕ1,...,ϕm ≡ ϕ

Figure 7.2: BM vs. JA

7.7 Merge-then-Project or Project-then-Aggregate?

Thanks to the rational decision policy p = pB defined in the previous section,
we know how to determine the judgment set of an agent i on any agenda X =
{ϕ1, . . . , ϕn} when her belief base Ki is known. This judgment set (p(Ki, ϕ1), . . . ,
p(Ki, ϕm)) can be viewed as the "projection" of Ki onto X, and such a concept
of projection was the missing link between the BM process and the JA one, as
illustrated on Figure 7.2.

From it, it appears that there are two ways to define the collective judgment(s)
of a group of agents on an agenda, assuming that the beliefs of the agents are
known. On the one hand, belief bases can be first merged using a BM operator,
then the resulting merged base can be projected onto the agenda. On the other
hand, the belief bases can be first projected on the agenda, and then the result-
ing 0/1/? matrix can be aggregated using a JA operator. The chosen approach
typically has a strong influence on the output of the process.

Example 7.3. Let us illustrate this on a simple example, with 4 agents. Suppose
that the set P of propositional symbols is {a, b}, so that only 4 interpretations are
possible: ω1 = 00, ω2 = 01, ω3 = 10, and ω4 = 11. Suppose also that the set of models
of the belief base of each agent consists of a single interpretation: [K1] = {ω1},
[K2] = {ω2}, [K3] = {ω3}, and [K4] = {ω4}. Suppose finally that the agenda X
consists of the three formulae ¬a ∧ ¬b, ¬a ∧ b, and a ∧ ¬b.

In order to use the project-then-aggregate approach, one first need to determine
the individual judgments on X. They are reported in the following table:

¬a ∧ ¬b ¬a ∧ b a ∧ ¬b
K1 1 0 0
K2 0 1 0
K3 0 0 1
K4 0 0 0

Since a majority of agents reject each of the issues, using a JA rule satisfying the
Majority preservation condition leads to the collective judgment γ2 = (0, 0, 0) so
that γ̂2 ≡ a ∧ b which is consistent. Hence the beliefs of the group will be computed
as a ∧ b, despite the fact that each agent actually rejects a ∧ b.

This example also shows the importance of the choice of the agenda. For this
example, the fact that a∧ b is accepted or rejected by any agent is fully determined
by her individual judgment set on X = {¬a ∧ ¬b,¬a ∧ b, a ∧ ¬b} (since judgment sets
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are supposed to be consistent). Stated otherwise, a ∧ b is a redundant issue given
X, hence asking each agent whether she accepts or rejects a ∧ b should be useless
when the issues from X have been considered. It turns out that this is not the case.
Let us complete the agenda X with the issue a ∧ b and the previous table by the
individual judgments of the four agents on a ∧ b:

¬a ∧ ¬b ¬a ∧ b a ∧ ¬b a ∧ b
K1 1 0 0 0
K2 0 1 0 0
K3 0 0 1 0
K4 0 0 0 1

Since a majority of agents reject each of the issues, using a JA rule satisfying
the Majority preservation condition leads to the collective judgment γ3 = (0, 0, 0, 0)
so that γ̂3 ≡ ⊥ which is inconsistent. This conflict must thus be solved by the JA
rule under consideration. Clearly enough, since the instance is fully symmetric,
there is no reason here that the beliefs of the group will be computed as a∧ b again.

Contrastingly, using the merge-then-project approach (with the distance-based
operator ∆dH ,Σ), one first compute ∆dH ,Σ

> ((K1,K2,K3,K4)) which is equivalent to >,
then the projection of this merged base on X gives the collective judgment γ1 =
(?, ?, ?), so that γ̂1 ≡ > as well, meaning that the group has no information about
the issues from X. Note that the same result is obtained if the agenda is completed
by the issue a ∧ b.

This example illustrates that the processus of judgment aggregation is very sen-
sible to the choice of the issues, and that adding to the agenda an issue (even a
redundant one) may have a huge impact on the result. This is strongly related to
the problem of manipulating the agenda and as such, it has been studied in the JA
literature, for example by Dietrich (2016) and by Lang et al. (2016).

Let us now give an example that illustrates that some information can be lost
with the project-then-aggregate approach while it is preserved when the merge-
then-project approach is considered instead.

Example 7.4. Let K1 = {p ∨ q}, K2 = K1, and K3 = {p ∨ ¬q} and an agenda
containing only p. The matrix containing the responses to p is composed of three ?,
because no agent knows whether p is true or false. If the projection of the bases
on p is computed first, then the three projected bases are equivalent to >, and
the result of their aggregation will be equivalent to > as well (the group does not
know whether p is true or false). If the three bases are first merged using an IC
merging operator, then since their conjunction is consistent, the merged base will
be equivalent to p. If this merged base is then projected onto p, the conclusion will
be that p is true. Thus, JA typically lead to lose much more information than BM
when the input belief bases are not complete ones.

7.8 More on BM vs. JA

Let us step back to Figure 7.2 and denote by ϕAg the formula obtained following
the project-then-aggregate path Ag ◦p, and ϕ∆ the formula obtained following the
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merge-then-project path p ◦ ∆. While the previous example shows that ϕ∆ and
ϕAg can be distinct, it is important to determine whether some logical connec-
tions between ϕ∆ and ϕAg can be ensured whenever ∆ and Ag both satisfy some
rationality properties.

The answer is negative in the general case. Everaere et al. (2015) show that the
two resulting formulae are not necessarily jointly consistent. More precisely, for
distance-based operators, a negative result has been exhibited: ϕAg and ϕ∆d,f are
not necessarily jointly consistent even if Ag satisfies Majority preservation, d is
any normal4 distance and f is any strictly non-decreasing aggregation function.
The significance of the result comes from the fact that usual distances between
interpretations (Hamming distance, drastic distance) are normal ones and usual
aggregation functions (Σ, Gmax , Gmin, Σn, . . .) satisfy strict non-decreasingness.

Things are different in the case when the two approaches are equally informed,
i.e., when the agenda X gathers all interpretations of W. Under these assump-
tions, Everaere et al. (2015) have shown that the beliefs of the group computed
following the merge-then-project path are the same as the beliefs of the group
obtained following the project-then-aggregate path. On this ground, an irreso-
lute JA rule Ag = Ag∆ can be defined from a BM operator ∆, and reciprocally, a
BM operator ∆ = ∆Ag can be defined from a irresolute JA rule Ag. Details of the
construction are given by Everaere et al. (2015).

A natural question is then to determine whether imposing some rationality
conditions on a BM operator ∆ leads the induced JA operator Ag = Ag∆ to satisfy
some rationality conditions, and vice-versa, whether imposing some rationality
conditions on a JA operator Ag leads the induced BM operator ∆ = ∆Ag to satisfy
some rationality conditions.

It has been shown that ∆Ag satisfies the postulates (IC0), (IC1) and (IC3)
when Ag satisfies Universal domain and Anonymity. For getting (IC2) for ∆Ag,
an additional condition of Consensuality must be satisfied by Ag. This condition
ensures that if an issue of the agenda is accepted by all the agents (i.e., it is
a unanimous issue), then the collective judgment set computed by Ag consists
exactly of those unanimous issues. Interestingly, (IC4) for ∆Ag is not ensured by
the Neutrality condition on Ag.

Other connections between the satisfaction of some IC postulates for BM and
the satisfaction of some conditions on JA operators can be established for the op-
erators in correspondence (Ag∆ and ∆, and ∆Ag and Ag) in the complete agenda
case (i.e., when the agenda is the set of all interpretations). The Weak consis-
tency condition on JA operators states that if an issue is accepted by a profile Γ
of individual judgment sets and by a profile Γ′ of individual judgment sets, then
it must be accepted by the union of the two profiles.

The Consistency condition strengthens it by stating that if there is at least
one issue that is accepted by two profiles Γ and Γ′, then each issue that is ac-
cepted by the whole profile Γ t Γ′ should be accepted by each of the two profiles
Γ and Γ′. It turns out that those properties correspond respectively to the IC
postulates (IC5) and (IC6). Quite surprisingly, these conditions have not been
considered as standard ones for JA operators (we are only aware of (Lang et al.,

4A distance is normal if d(ω1, ω2) 6 d(ω3, ω4) whenever the variables which have different truth
values in ω1 and ω2 are included into the variables which have different truth values in ω3 and ω4.
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2011; Slavkovik, 2012; Lang et al., 2016) which point out the Consistency con-
dition, under the name "separability").

Everaere et al. (2015) give a list of properties required for a JA operator to
induce an IC merging operator in the complete agenda case. A key question is
whether these properties can be satisfied by some JA operator. A positive an-
swer to this issue is given when some JA rules δRM⊕ defined by Everaere et al.
(2014b) are considered. Roughly, each δRM⊕ rule consists in selecting in the set
of all consistent and resolute judgment sets the best ones, where the score of
each judgment set is defined as the ⊕-aggregation of an m-vector of values (one
value per question in the agenda X, reflecting the number of agents supporting
the question in the input profile Γ). When the agenda is complete, for any ⊕
satisfying strict non-decreasingness, the ranked majority judgment aggregation
rule δRM⊕ satisfies Universal domain, Collective rationality, Collective res-
oluteness, Anonymity, Neutrality, Unanimity, Consensuality, and Majority
preservation. It does not satisfy Independence. For ⊕ = Σ, Weak consistency
and Consistency are also satisfied.

7.9 Conclusion

BM and JA are two distinct theories for the aggregation of beliefs. They do not
operate on the same inputs, and typically lead to collective beliefs that can be
jointly conflicting. When focusing on the case where the inputs are equally in-
formed (i.e., when the agenda is the set of all interpretations), some valuable
connections between the two families of operators and between the correspond-
ing rationality postulates can be established nevertheless.
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