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Outline

@ Assignment markets — games

o Stable outcomes — Core
e Special stable outcomes
e Manipulability of stable mechanisms

@ Assignment games

o Core
o Nucleolus (efficient computation)
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Assignment markets

Assignment market:

@ two types of agents (sellers - buyers)

@ the objects of trade are indivisible (houses)

@ unit supplies, unit demands (houses are identified with sellers)
e money (perfectly divisible), side-payments are allowed
o

utility is transferable (identified with money)

Outcome consists of
@ an allocation of houses (sellers) to buyers (or to sellers, if not traded)

@ monetary transfers among agents
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Model (Shapley, Shubik, 1972)

Assignment market:
o set of sellers M, set of buyers M’

@ each seller i € M has a reservation value r; on his house

@ each buyer j € M’ has reservation values (tij)ieM on the houses
U
Pairwise val ix: A=[a;> ith | a; = "
airwise value matrix: A= [a; > 0], .., With|a; = (t;j —r)
Y

Assignment game: player set M U M’ | value of coalition S

where M(SNM,S N M'): set of seller-buyer matchings in S
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Outcomes: feasibility

A feasible outcome (X, (u; v)) consists of

e a feasible assignment X = [x;] (of sellers (houses) to buyers)
ZX,'J' < 1 forallie M
jemr
doxp <1 for all j € M’
iem
xj € {0,1} forallie M,je M

o represents matching ux € M(M, M’) by ’ (i,J) e px & xij = 1‘

o a feasible payoff vector (...u;...;...v;. ..)ieMJ.GM/ (w.r.to X)
SurSus S oaw - ¥ s
ieM jeMm’ (i./)e(M,M") (ij)enrx
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Outcomes: stability

A feasible outcome (X, (u; v)) is stable, if payoffs are acceptable:
e u>0, v>0 forallieM,jeM (individually acceptable)
° ui+ v > aj forallie M,je M (pairwise acceptable)

Note: If payoffs are acceptable then for any feasible assignment X
S KER FCER ST
(id)€nx (id)€nx i€ M\ px JEM'\ nx

Recall: Feasibility implies the reverse inequality:

Z u,—l—vJ Z uj + Z Z ajj Xij

(iJ)Emx i€M\px JGM’\/Lx ( J)E(M,M’)
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Stability results /1

Proposition
A feasible outcome (X, (u; v)) is stable, if and only if at the same time

® X maximizes total value 3 ajix; over all feasible assignments

@ (u; v) minimizes total payoff ). u; + Zj v; over all acceptable payoffs
In that case,

o ui=0 for each unmatched seller i € M\ px O jem xij < 1)
°ov,=0 for each unmatched buyer j € M"\ px Ciemxi < 1)
® ui+vj=aj for each matched pair (i, j) € ux (xij >0)

Existence s there a stable outcome for any assignment market?
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Stability results /1

Proposition

A feasible outcome (X, (u; v)) is stable, if and only if at the same time

® X maximizes total value 3 ajix; over all feasible assignments

@ (u; v) minimizes total payoff ). u; + Zj v; over all acceptable payoffs
In that case,

o ui=0 for each unmatched seller i € M\ px O jem xij < 1)
°ov,=0 for each unmatched buyer j € M"\ px Ciemxi < 1)
® ui+vj=aj for each matched pair (i, j) € ux (xij >0)

Existence s there a stable outcome for any assignment market?

Theorem (Egervary, 1931)

For any nonnegative matrix A = |aj],

§ ajjXjj =
X feas:ble I

ZU;+Z\/j
i J

(u;v) acceptable
1
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Stability results /2

Theorem (Shapley, Shubik, 1972)
For any nonnegative matrix A = [a,-j], the core

Co={x=(u,v) : x(MUM')=w(MUM), x(S) > w(S) YSC MUM'}
of the induced assignment game w = wp

@ = the set of dual optimal solutions to the max assignment LP
(= the set of stable payoff vectors)

@ hence, it is a non-empty polytope (and 'easily’ computable)
e has a lattice structure: if (.. uj ;.. vj..) and (.. u} ..; .. v/ ..) € Co, then
(.. upVoul v A vj/ ) and ( ui AUl . vV vj' ) € Co
o has a seller-optimal (.. T; ..;.. v; ..) vertex
where U; = max{u; : (u,v) € Co} and v; = min{y; : (u,v) € Co}
has a buyer-optimal (.. u; ..;.. V; ..) vertex

where u; = min{u; : (u,v) € Co} and v; = max{vy; : (u,v) € Co}

@ = the set of surplus vectors attainable at competitive equilibrium prices

Tamas Solymosi The nucleolus and other core allocations in assignment games



Example 3 x 3

t1 to2 t3
711 4
market n=20)27 21 24 = pairwise values @7
n=21129 27 28 P .
rp=22[27 20 25 5 03]
stable outcome
vi >0 va>0 vz >0
0<u |[|lu+wn=7 u+va>1 i +vs >4
0§LI1 U2+V128 ’U2+V2:6‘ um+v3>T7
0<w| s+wv>5 us+ v, >0 ’“3+V3:3
seller payoffs
n <7 <6 <3
0<u u—t>-5 u—u>+1
0<w|uw—um=>+1 u — w3 > +4
0<w|u—u1>-2 u3—1wnr>-—>6
buyer payoffs vi=7—1u Vo =6 — vs=3—us
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Example 3 x 3: the core

[7]1 4 0<u <7 0<wy<6 0<uz<3
8@7 — . Ul—U22—5 U17U321

U27U121 . U27U324
50 uz—up > —2 uz—up > —06
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Example 3 x 3: the core

[7]1 4 0<uy <7 0<uy<6 0<u3<3

. —u>-5 uy—-—u3>1

8 7 u up = 1 3 =

@:> U27U121 . U27U324
3
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7|1 4 0<u <7 0<w<6 0<wu<3
8@7 N . u—u>-5 uyy—u3>1

up—u > 1 . Uy —uz >4
5 0 U3—U12—2 U3—U22—6




Example 3 x 3: the core

7|1 4 0<uy <7 0<w<6 0<wu<3

. np—up>-5 wuny—uz>1
8@7 = u—u > 1 . u —uz >4
5 0 U3—U12—2 U3—U22—6
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Example 3 x 3: the core

7]1 4 0<u<7 0<w<6 0<u3<3

. U1—U22—5 U17U321

8@2 up—tn > 1 . u —uz >4
3

For sellers: worst corner (1,4,0), best corner (4,6, 2)
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Example 2 x 2

t1 to
Market 11 =20 |26 22 —>  pairwise values
n=22|26 25

w N

>~ O

vi >0 vo >0
stable payoffs | 0<u1 [|u1+w :6‘ U+ vo >2
0<w| bb+wv>4 ’U2+V2:3

up <6 up <3
up —up > —1

o forsellers | 0 < g .
0<w|hmh—u>-2

o for buyers vi=06—1 vw=3—1

competitive equilibrium prices p1=n+u=ti1—vi, pp=h+u=tnr—wn
induce optimal seller-buyer assignment and stable payoffs
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Core, competitive prices in Example 2 x 2

up <6 up <3

20+| u; >0 . up—up > —1

224+ >0| u—u > -2
P2
3
2
1 4
22+

T Ll T T T p
20+ 1 2 3 4 5 6 '
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Stable market mechanism

Stable mechanism in assignment markets:

@ each seller reports his reservation price
each buyer reports his monetary valuation on each house
prices are determined (from stable outcomes) and announced
each buyer demands the house which maximizes his surplus
houses are allocated, payments are made

Theorem

No stable mechanism exists for which stating the true reservation prices is a
dominant strategy for every agent.

A\

Theorem (Demange, 1982 / Leonard, 1983)

If the mechanism selects the minimum equilibrium prices then truthful reporting is
a dominant strategy for every buyer.

Theorem (Demange, Gale, Sotomayor, 1986)

The minimum equilibrium prices can be achieved by ascending auctions.
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Buyer-optimal competitive prices

20+0 |[6] 2

22+0] 4

p2

22+
20+ 1 2 3 4 5 6
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Buyer-optimal competitive prices

20+0([6]2]  1+20+0]|[5]1
2240 | 4 [3] 22+0| 4 [3]
p2
3
2
1
2441 o ‘ | | |

P1
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Fair prices (Thompson, 1981)

Fair prices = average of the buyer-optimal and seller-optimal prices
Nuiiez, Rafels (2002) Tau-value = payoffs at the fair prices

P2
3
2
3 1
2
1 4
e
e
22+
' p1
20+ 1
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Fair prices (Thompson, 1981)

Fair prices = average of the buyer-optimal and seller-optimal prices
Nuiiez, Rafels (2002) Tau-value = payoffs at the fair prices

P2
3 4

N
1

NIW

[y
1

22+

P1
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Nucleolus prices

The nucleolus is the lexicographically 'innermost’ point of the core
Solymosi, Raghavan (1994) Efficiently computable from data matrix

P2
3
2
34 o
1 4
22+
T 1 T T T pl
20+ 1 2 3 4 5 6
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Nucleolus prices

The nucleolus is the lexicographically 'innermost’ point of the core
Solymosi, Raghavan (1994) Efficiently computable from data matrix

P2
3

NIw N
1
Q

‘:
wlo
o=

wh—t\.

[y
1

22+

P1

—
Wi T
N
w
S
o1

21+
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Example 2 x 2 continued

0|[6] 2
0|4
p2
3
e nucleolus
2 o tau-value
3. e ©
1 4
22+ ‘
T 1 T T T T p
20+ 1 2 5 3 4 5 6
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Example 2 x 2 continued

ofl6] 2|  1+of[s]1
0|4 (3] 0|4 [3]

p2
3
e nucleolus
2 | o tau-value
15 1
373 6
2 ‘T"O
3
1 4
22+ L
1 T T T T T pl
21+ 1 %% 2 3 4 5
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Example 2 x 2 continued

140 |[5] 1 2+0|[4] 0
ol4[3] 0|4 [3]

p2
3
e nucleolus
2 1 ° o tau-value
5 3 1
3713 '/51 o2,
2
1 4
22+ | | |
T T T T T pl
22—1% 1 % 2 3 4
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Manipulability results for sellers

Let seller k increase his reported reservation price by 0 < ¢ small enough not to
change the optimal assignment. In new input matrix
ay; = (ag—c)* forallj and a} = aj for all j and (i # k).
Then
e for the buyer-optimal corner (u,v), 0+ u, <c+u, <c+u,
Seller k can increase the minimum eq. price, but by at most c.
o for the seller-optimal corner (T,v), 0+ Tk = c+ T
Seller k cannot influence the maximum eq. price.
o Consequently, for the tau-value 7, 0+ 7 < c+ 7, <74 + g
Seller k can increase the fair equilibrium price, but by at most 5.
d
o for the nucleolus n, 0+ ne < c+n, <+ 7+1€
Seller k can increase the nucleolus price, but by at most
where d is the number of houses sold.

d
a1

Moreover, all bounds are sharp.
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Summary of first part

We considered
@ assignment markets a la Shapley and Shubik (1972)

@ equilibrium prices induced by core solutions of associated games
(special corners, tau-value, nucleolus)

@ sensitivity of these equilibrium prices w.r.t. market data changes

We found that each player could influence any of these prices to his benefit, and
established sharp upper bounds for its extent.

Further questions:
Manipulability of other stable assignment mechanisms?

Is there a 'least manipulable’ stable assignment mechanism?
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Core — minimum matrix covers

Recall

the core of the assignment game induced by the matrix A = [a,-j > O] ieMjem
= the (non-empty) set of minimum covers of matrix A

= the (non-empty) set of optimal solutions to the dual assignment LP:

Zu;Jerj — min =wa(MUM)
iem jemr
ui +v; aj forallieM,jeM

>
u,vi > 0 forallie M,je M

By complementary slackness between primal and dual optimal solutions,
for any maximum value assignment px, i.e. wa(MUM') =3" ajj
and for any core vector (u, v)

ij)Epx

ui+v; = aj forall matched (i,j) € px
u; = 0 for all unmatched i € M\ ux
vi = 0 forall unmatched j € M"\ ux
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Core description — unified notation

Assume w.l.0.g.

o M| = |M| (0 rows/columns — dummy player)

@ no player is unmatched in an optimal matching

@ the diagonal matching is optimal (rearrange rows/columns)
Introduce a fictitious seller 0 and a fictitious buyer 0/

Extend any optimal matching with the pair of 0 and 0.
ui+vi—a; for ieM,jeM

) oy for ieM,j=0
Denote dual slacks  f;(u,v) = v for i—0j€M
0 for i=0,j=0

Then, under any optimal matching,

fior(u,v) >0 for each seller j

foj(u,v) >0 for each buyer j

f;ij(u,v) >0  for each unmatched pair i, j
fi(u,v) =0  for each matched pair i,

(u;v) e Cos
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Dual slacks in Example 3 x 3

square matrix

core constraints

with an optimal matching in the diagonal

vi >0 va >0 >0
0O<wu ||tn+wn=7 nm+wvw>1 u+vs >4
0< s wn+vi>8 ’U2+V2:6‘ wm+v3>T7
0<w| s+wv>5 us+ v >0 ’“3‘“’3:3

in extended dual slacks f; = fjj(u, v)
foo =0 i=f12>20 w=7fm>0 w=f>0
up=fo>0 fii=0 fi >0 fis >0
w=Ff>0| £1>0 [ =0] f3 >0
us=Ff>0| fu>0 fio >0 [A3=0]
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Example 3 x 3: box allocations /1

[0]
1
2
3

box allocation (1,2, 3;6,4,0) not in core
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Example 3 x 3: box allocations /2

o]l 5 1 2 [0]
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Example 3 x 3: box allocations /3

Tamas Solymosi The nucleolus and other core allocations in assignment games



Nucleolus = lexicographic center

The nucleolus was introduced by Schmeidler (1969). Alternatively, Maschler,
Peleg, Shapley (1979) describe a finite process that iteratively reduces the set of
payoffs to a singleton, called the lexicographic center. It is shown to be exactly
the nucleolus.

The lexicographic center procedure can be easily implemented. Each iteration can
be carried out by solving LPs with n+ 1 variables and 2" constraints including
only —1, 0, or 1 coefficients. E.g. Sankaran (1991) proposed such a formulation
with at most O(2") LPs to be solved for an n-person game.

For assignment games, Solymosi and Raghavan (1994) applied graph-related
techniques instead of LPs. Their algorithm generates a finite sequence of payoffs
leading to the nucleolus. For an (m, n)-person game with m = min(m, n), the
algorithm determines the nucleolus in at most m(m + 3)/2 steps, each one
requiring at most O(m - n) elementary operations.
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Lexicographic center for assignment games

Let o be a fixed optimal matching. Construct a sequence (A%, ¥0), ..., (A”,£°)
of partitions of (Mo, M) with £° > ... D ¥”, and a nested sequence
X% D ... D XP of sets of payoff vectors.

Initially, let A =0, ¥° = (Mo, M) \ o,
(VO with ) =0 VYieM, v)=a; VjeM
a® = min{f;(u°, V%) : (i,j) € £°}
X0 = {(u,v) >(0,0), f(u,v) =0 V(i,j) € A,
fi(u,v) > a® V(i j) e .

For r =0,1,..., p define recursively
Q otl= MaXx(y,v)exr Ming jesr f(u, v)
Q@ X ={(u,v) € X" :min(; jesr fij(u,v) = a1}
Q@ %1 ={(i,j) € X : fyj(u,v) = constant on X"}
Q Yl =3r\¥%, ., AT =A"UY,y,

where p is the last value of index r for which X" # 0.
The set X?T! is the lexicographic center of A(M, M’).
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Algorithm  (Solymosi, Raghavan, 1994)

Given: square matrix (aj; > 0)(M0,M5) with diagonal optimal matching o

Initially let r =0, A = 0, T = (Mo, M{) \ o, u; =0 Vi€ Mo, vj=a; Yje M),
fi=ui+vi—a; Y(i,j)e€ (Mo, Mj), a=min{f;:(i,j) € L}

While X # () do (iteration r)

© Build the graph G := G(r,«)

@ While G is proper do (step (r,«))
Find direction (s, t)
Find step size 8 := 3(r, a)
Update arcs in graph, G := G(r,a + f3)
Update payoff, (u,v) := (u,v) + 8- (s, t)
Update f; :==f; + 3 - (S,‘ + tj) V(I'7_/') €Ex
Update guaranteed level, a:= a +
© Find to-be-settled coalitions ¥ := ¥,
Q Update partition, L ;=¥\ X, A:=AUX
Q Setr:=r+1.

000000
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0, step a = —4

Iteration r

—
o o T o
' —
[ +
o
| < [=]
3,_ |
I
1,1 i
N Y
6”5 o]
! i
! +
o] 4 &
! |
R T
! —
I o o
s & S
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0, step a = —1

Iteration r

s T T o
A
[
g3 I3
, |
,,
17 —
S [o] 4
o N ™
|
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|
|
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|
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Iteration r=0, step o = 0

Tamas Solymosi

[o] | 2 3

.

1 2 0

4 o] o

0 ! 2 [o]
@1672 2.0 3.1o
1+23@ 20 041 |40
4+23 20 @ 041 |42
0+131—1 21 @ +1
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lteration r=0, step a = 1/2
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lteration r=0, step a = 1/2

o5t
2 1 [0o] 2 3
5 12 [0] 1
10y 3 o]

Settling step

o 5 1 3
2@ 2 [F
s 12 [
P ;[
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lteration r=1, step a = 1/2

241 @ 2.1 5] |+

|
1
512! 211 [0] 3. |+
|
|
20 2] 2 [0
241, |2| 2-1 +1
0 -1 -2 -1 8=1/6
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lteration r=1, step a = 2/3
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lteration r=1, step a = 2/3

wl5

-
ol%
WIN

Settling step — STOP — the nucleolus =(%2, 10 2,2 2 1)
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Example 3 x 3: Trees of longest paths to special corners

[o]] o
0
0
0

-7 -6 =3 ‘
0| . -5 41
0| +1 . +4

0
4
7
0| -2 —6

extended matrix arc lengths

-2

The minimal u = (1,4,0) The maximal @ = (4,6,2)
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