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Prologue

2014: 234 pp.

2015: 123 pp.
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www.uni-augsburg.de/bazi

Berechnung von Anzahlen mit

Zuteilungsmethoden im Internet

www.uni-augsburg.de/llull

Ramon Llull 1232-1316

Nikolaus von Kues 1401-1464
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1993    2006

Chapter 12: Efficient designs for finite sample sizes
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Design of experiments

Experimental conditions:

-1     -0.8                   -0.3                        0.3                    0.8      1

Proportion of observations, in percent:

7.4   18.0                   24.6                       24.6                18.0     7.4

Number of observations, for sample size n = 60:

4        11                     15                         15                     11       4



Proportional Representation

Summer School San Sebastián, 18--19 July 2016 2

F. Pukelsheim

Summer School „Comp. Social Choice“ Professor (em.) Dr. Friedrich Pukelsheim
COST Action IC1205, San Sebastián, 18-22 July 2016 I n s t i t u t   f ü r  M a t h e m a t i k

Module „Proportional Representation“ U n i v e r s i t ä t A u g s b u r g

8

Proportional representation

Political parties:

PS      AL                   CDU                        MPT                  B.E.       L

Proportion of votes, in per cent:

35.7  28.9                  10.2                        9.1                   8.4     7.7

Number of seats, for house size h = 230:

82       67                     23                         21                    19      18 
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1975 World population
(from Kopfermann 1991, p. 109)

Continent Population Proportion %

1. Asia 2 295 000 000 0.57289 57

2. Europe 734 000 000 0.18323 18

3. Americas 540 000 000 0.13480 13

4. Africa 417 000 000 0.10409 10

5. Australia 20 000 000 0.00499 0

Total 4 006 000 000 1.00000 98

Discrepancy = –2% = 80mio. "rounding victims"?
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Theorem: Individual roundings do not suffice.

Corollary: Apportionment methods are needed.

Summer School „Comp. Social Choice“ Professor (em.) Dr. Friedrich Pukelsheim
COST Action IC1205, San Sebastián, 18-22 July 2016 I n s t i t u t   f ü r  M a t h e m a t i k

Module „Proportional Representation“ U n i v e r s i t ä t A u g s b u r g

11

Summer School „Comp. Social Choice“ Professor (em.) Dr. Friedrich Pukelsheim
COST Action IC1205, San Sebastián, 18-22 July 2016 I n s t i t u t   f ü r  M a t h e m a t i k

Module „Proportional Representation“ U n i v e r s i t ä t A u g s b u r g

12

The 8th European Parliament 2014 – 2019

has 750 members plus the president, that is, 

751 MEPs
according to Art. 14 TEU = Treaty of Lisbon
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Chapter 1 
PR Examples
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Apportionment methodology involves

• the allocation of seats between districts
• the apportionment of seats among parties
• the assignment of seats to candidates
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Chapter 2
Seat Apportionment

Methods
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Divisor Methods

Find a (flexible) divisor d such that, with given

rounding function [·], the seat allocations

sum to the preordained house size h, that is,
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Motto: Divide and round!

But: Which rounding function?

242001 (first edition 1982)

Summer School „Comp. Social Choice“ Professor (em.) Dr. Friedrich Pukelsheim
COST Action IC1205, San Sebastián, 18-22 July 2016 I n s t i t u t   f ü r  M a t h e m a t i k

Module „Proportional Representation“ U n i v e r s i t ä t A u g s b u r g

25

Divisor method with standard rounding (DivStd) 

has signposts 0.5, 1.5, 2.5, 3.5, and so on

d

v
x

j

j =



Proportional Representation

Summer School San Sebastián, 18--19 July 2016 5

F. Pukelsheim

Ladislaus von Bortkiewicz 
1868-1931

Daniel Webster 
1782-1852

André Sainte-Laguë 
1882-1950

Hans Schepers 
*1928 26 27
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Rounding functions [·] are induced

by "signpost sequences":
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Divisor methods ���; ��, …, ��� 	 �
�, …, 
�)

are

A. anonymous

B. balanced

C. concordant

D. decent (homogeneous of degree zero)

E. exact
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Proof.
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Jump-and-Step Procedure

Init.:                           with

Discrepancy removal:
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Pólya (1918) for DivDwn (i.e. r=1) and three parties:

Rank-order of parties by vote shares:
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Natural threshold:

Majority preservation:

-> Majority clauses








 =⇔≤⇒+=

−−−+
=

 DivDwni.e., ,1
2

1
)(12

)1)(1(
)0(

rnbnh

rrh

r
b

l

Summer School „Comp. Social Choice“ Professor (em.) Dr. Friedrich Pukelsheim
COST Action IC1205, San Sebastián, 18-22 July 2016 I n s t i t u t   f ü r  M a t h e m a t i k

Module „Proportional Representation“ U n i v e r s i t ä t A u g s b u r g

35

Chapter 3
Proportionality and

Personalization
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Minimum-maximum restricted
variants of divisor methods
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Unproportionality index
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Article 14(2) TEU-Lisbon:

… Representation of citizens
shall be degressively proportional, 
with a minimum threshold of 
six members per Member State.
No Member State shall be allocated 
more than ninety-six seats. …
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Andrew Duff MEP
(AFCO rapporteur on electoral procedure)

“durable and transparent formula 
that is impartial to politics”

Cambridge Meeting January 2011 

40 41

42 43
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"Biproportional" methods
(Balinski/Demange 1989) 
account for

● vote counts of parties
● population figures of districts

Debut performances in Zurich,
on 12 February 2006
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Gaffke/P (2006):
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Gaffke/P (2008):
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AS alternating scaling

TT tie-and-transfer

AS|TT hybrid version

Iterative algorithms:

in floating point arithmetic, 

in integer arithmetic


