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Design of experiments

Experimental conditions:
-1 -0.8 -0.3 0.3 0.8 1

Proportion of observations, in percent:
7.4 18.0 24.6 24.6 18.0 7.4

Number of observations, for sample size n = 60:
4 11 15 15 11 4
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Proportional representation

Political parties:
PS AL CDU MPT B.E. L

Proportion of votes, in per cent:
35.7 28.9 10.2 9.1 8.4 7.7

Number of seats, for house size h = 230:
82 67 23 21 19 18]
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1975 World population
(from Kopfermann 1991, p. 109)

Continent Population Proportion %
1. Asia 2 295 000 000 0.57289 57
2. Europe 734 000 000 0.18323 18
3. Americas 540 000 000 0.13480 13
4. Africa 417 000 000 0.10409 10
5. Australia 20 000 000 0.00499 O
Total 4 006 000 000 1.00000 98

Discrepancy = -2% = 80mio. "rounding victims"3
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Theorem: Individual roundings do not suffice.

Corollary: Apportionment methods are needed.
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The 8th European Parliament 2014 - 2019

has 750 members plus the president, that is,

751 MEPs

according to Art. 14 TEU = Treaty of Lisbon

12
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Chapter 1
PR Examples
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Apportionment methodology involves

« the allocation of seats between districts
« the apportionment of seats among parties
« the assignment of seats to candidates

20
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Chapter 2
Seat Apportionment
Methods

21
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Divisor Methods

Find a (flexible) divisor d such that, with given
rounding function [-], the seat allocations

sum to the preordained house size h, that is,

X+ t+x,=h
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Motto: Divide and round!

But: Which rounding function?

22

23

2001 (first edition 1982)
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has signposts 0.5, 1.5, 2.5, 3.5, and so on

25
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André Sainte-Lagué
1882-1950

Daniel Webster
1782-1852

74

Hans Schepers
*1928

Ladislaus von Bortkiewicz
1868-1931

Proportional Representation
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Figure 7.2 Signposts for the Five Historical Divisor Methods
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Rounding functions [-] are induced
by "signpost sequences":

s(n)e [n—1;n] ("general")
s, (n)=(n-1)+r ("stationary")

(n=1"+n"\"

2 (" power - mean" )

s,(n)=

29
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Divisor methods D(h; vy, ..., v;) = (X1, .., X1)

Max-Min Inequality. Suppose ..., re are whole numbers
are house size b, Then the seat vector & = (x1,...,: re) is a solution,
Dy, ... ve) =
A. anonymous if und only if the “Muox-Min Inequality” holds true,
i i
B. balanced o Ly
max ————— < min -
C. concordant st sley+1) = ost slay)
D. decent (homogeneous of degree zero)
Proof.
E. exact roo
Yl ri) <P and ¥ < s(x i Y
[?] =xj =  say) = g and ] < s(aj+l) = sy 4 1) <d< )’
30 31
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Jump-and-Step Procedure
Init.: Y= [Vj /d,'m'n'az] with i :=vf

Discrepancy removal:
y,=h=>x<Yy

y,<h=d{ until y, =h
y,>h=d T until y, =h

32
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Rank-order of parties by vote shares: .= -+ = wy = f.

Seat Bias Formula. For e stefionery divisor method with split v and for o given

threshold t, the seat bins of the kth-strongest purty is given by the fors

('- ;)(.’:-'.'.-El""'rlfrl 1) (1 - 1),

Polya (1918) for DivDwn (i.e. r=1) and three parties:

] L 4
12’ 127 12
33
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at Numbers, For o stotionary divisor method with

Vote Shares for Given Se:

split v, the lowest and highest vote shares for r; seats are given by the formulos
x—(1— i x;+r
)= L . y May) = & .
STl ey gy Sy ) = =l
where I =1 when x; = 1 and I =0 when x; =0, and where M = min{é — Lk - r;}.
Natural threshold b(0) .
atura reshold: VTN
h+r—(-r)({-1)

Majority preservation: h=2n+1= (b(n) s% s r=lie., Divan]

-> Majority clauses 34
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Chapter 3
Proportionality and
Personalization
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Minimum-maximum restricted
variants of divisor methods

/] m case g = by,
b i q = by
[q]:j‘J =< [q] in case g € [a;1b;],

{a;} incase g < aj;.

36
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Unproportionality index

With D:(h;vl,...,v/) =(Xp5eenXy)
and D(hyv,,....v,)=(z,...,2,)

define u(x) = %qxl oot -2

37
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Article 14(2) TEU-Lisbon:

... Representation of citizens

shall be degressively proportional,
with a minimum threshold of

six members per Member State.
No Member State shall be allocated
more than ninety-six seats. ...
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Andrew Duff MEP
(AFCO rapporteur on electoral procedure)

“durable and transparent formula
that is impartial to politics”

Cambridge Meeting January 2011

38 39
EP2014Composition  Seats 2014 | Population 2013 5+Min.Max 5+Quotient 5+DivUpwe
1 Germany 96 96
France 74 82
ited Kingdom 73 S0
Iy 73 75
ES Spain a1 60 TABLE 8 Election of the 18. German Bundestag 2013, assi
PL Poland 1 51 States, The divisor method with standard ro
RO Romania 32 30 one constituency. Reporting date of the popu
NL Netherlands 26 25 Quotient Diveed
BE Belgium 21 11161600 19
EL Greece 21 11062500 19
CZ Czech Republic 21 10516 100 19
PT Portugal 21 10487 300 19
HU Hungary 21 G008 800 19
20 9555 900 18
18 16
17 15
DK Denmark 13 12
FI Finland 13 5426 TO0 12 i
8K Slovakia 13 5410 800 12 Thuringia
Ireland 11 591100 11 iP Rhineland-Palatinate
HR Croatia 11 1262 100 10 : 1
LT Lithuania 11 2071900 9 irttemberg 0480046
81 Slovenia s 2055 800 3 3 i
IV Latvia 8 2023 800 8 | Sum {Divisor) T46T 3
EE Estonia 6 1324800 7
CY Cyprus 6 865 900 7
LU Luxembourg G 37000 6
MT Malta 6 121 400 6
Sum {Divisor) 751 (854 000) 751 41
18ET20011-Sub.
sH
MV
HH
N1
TABLE 9 tin af the 18, 2013, super enet af 637 seats among
pa The o method with - ard rounding is used. F list votes [Zweitstimmen) HEH10
justify roughly one seat. The Bundestag size of 631 seats is det 1314 0O
_ 1 160
1BT2015-5uper-app. _ List Votes  Cha T
[cnu
SPD
LINKE
42 Sum | Divisor {50 G00] | 43
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HalrerR |

$h2012Sub-app svp AL Ops  cyp Distriet
divisor
16 5
Schaffhansen 28 [55005-5 318001 2 10700
Klettgau 12 |23001-4 2R02-1 34311 5400
Neuhausen 8 2 33002 TEI-0 1003-0 2000
Reiat 7 34931 0680 2087-1 3100
Stein 1 5192 1681-1  464-0 3000 TRZ0 1064-1 1400
Buchberg-Riidlingen 1 309-1 092-0 85-0 95-0 400
Party divisor 1.16 1.05 1 0.9 1.2 1
(continued) JSVP EDU  JFSH SVPSen. EVP  JUSO ':’1‘]‘“:‘):
3 2 2 1 1 1
Schaffhausen 28 [ 82041 9204-1 11126-1 50311 71781 5617-1| 10700
{ 12 S650-1  3952-1 0-0 13458-0  3006-0 a17-0 5400
8 44-0 377-0 3480 292-0 2000
B T 1241-1 1106-1 3180 3100
Stein 1 201-0 202-0 100-0 1400
Buchberg-Riidlingen 1 45-0 63-0 100
Party divisor 0.5 1 0.7 1.2 1
45
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"Biproportional" methods
(Balinski/Demange 1989)
account for

e vote counts of parties
e population figures of districts

Debut performances in Zurich,
on 12 February 2006

46
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Gaffke/P (2006):

X;i
Minimize F(x)= H H n-0.5
Wjrnyg>0 nal Vg
where x,=r  Vi<k
and X, =c, Vi<l
among x € Nk><l

47
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Let g‘,(E,F) = HEiZH_ri H Fj1+/—xi f,(Z),
i<k jst
2= [ EF)]

where Vi<k, j</.

Gaffke/P (2008):

max

min  f (x)= !
r,s) Ee(0,0)", Fe(0,00

xe kaf(

. 8,(E.F)

48

Professor (em.) Dr. Friedrich Pukelsheim
COST Action IC1205, San Sebastian, 18-22 July 2016 Institut fir Mathematik

Module ,,Proportional Representation*

Iterative algorithms:
in floating point arithmetic,
in integer arithmetic

AS
TT tie-and-transfer
AS|TT hybrid version

alternating scaling

49
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