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Exercises	
  
•  This	
  sec'on	
  contains	
  precise	
  versions	
  of	
  problems	
  
men'oned	
  on	
  slides	
  

•  Only	
  do	
  the	
  ones	
  you	
  find	
  interes'ng	
  (there	
  are	
  too	
  
many	
  for	
  you	
  to	
  do	
  all	
  right	
  now)	
  

•  Most	
  of	
  the	
  tutorial	
  is	
  based	
  on	
  Chapter	
  2	
  of	
  the	
  
Handbook	
  of	
  Computa/onal	
  Social	
  Choice,	
  
Cambridge	
  University	
  Press,	
  2016.	
  	
  You	
  may	
  find	
  the	
  
chapter	
  helpful	
  for	
  these	
  problems.	
  	
  	
  

•  Free	
  PDF	
  of	
  the	
  book	
  at	
  	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
hVp://www.cambridge.org/download_file/898428	
  

•  To	
  open	
  the	
  PDF	
  use	
  password:	
  cam1CSC	
  



Exercises	
  
1)  Copeland	
  scoring	
  
•  Recall	
  symmetric	
  Copeland	
  score	
  is	
  given	
  by	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Cop(x)	
  =	
  |{y|x	
  >μ	
  y}|	
  –	
  	
  |{y|y	
  >μ	
  x}|	
  

•  Asymmetric	
  Copeland	
  score	
  is	
  given	
  by	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
CopAss.(x)	
  =	
  |{y|x	
  >μ	
  y}|	
  	
  

•  Asymmetric+	
  Copeland	
  score	
  is	
  given	
  by	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
CopAss.+(x)	
  =	
  |{y|x	
  >μ	
  y}|	
  +	
  (½)|{y|y	
  =μ	
  x}|*	
  

	
  

Are	
  these	
  three	
  rules	
  all	
  the	
  same?	
  	
  All	
  
different?	
  Answer	
  as	
  completely	
  as	
  possible.	
  	
  
	
  

*We	
  write	
  y	
  =μ	
  x	
  when	
  NetP(x>y)	
  =	
  0.	
  You	
  will	
  need	
  to	
  consider	
  
profiles	
  for	
  an	
  even	
  number	
  of	
  voters,	
  making	
  y	
  =μ	
  x	
  possible.	
  



Exercises	
  
2)  Scoring	
  weights	
  and	
  affine	
  equivalence	
  
•  Scoring	
  vectors	
  w	
  =	
  w1,	
  ...	
  ,	
  wm	
  and	
  v	
  =	
  v1,	
  ...	
  ,	
  vm	
  are	
  
affinely	
  equivalent	
  if	
  there	
  exist	
  constants	
  γ,	
  δ	
  with	
  	
  	
  
γ	
  >	
  0	
  such	
  that	
  vi	
  =	
  γwi	
  +	
  δ	
  for	
  each	
  i.	
  	
  	
  

•  Prove	
  that	
  two	
  scoring	
  vectors	
  w,	
  v	
  induce	
  the	
  same	
  
scoring	
  rule	
  iff	
  they	
  are	
  affinely	
  equivalent.	
  

•  Prove	
  that	
  any	
  two	
  evenly	
  spaced	
  vectors	
  are	
  affinely	
  
equivalent.	
  

•  Prove	
  that	
  symmetric	
  Borda	
  weights	
  m-­‐1,	
  m-­‐3,	
  .	
  .	
  .,	
  	
  	
  	
  	
  	
  	
  	
  	
  
–m+1	
  yield	
  a	
  total	
  score	
  of	
  β(x)	
  for	
  each	
  alterna've	
  x.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Recall	
  that	
  β(x)	
  =	
  Σy∈A	
  NetP(x>y)	
  	
  	
  
	
  

	
  



Exercises	
  
3)	
  	
  Reversal	
  Manipula'on	
  We	
  saw	
  Copeland	
  can	
  be	
  
manipulated	
  via	
  reversal:	
  a	
  profile	
  P	
  exists	
  for	
  which	
  some	
  
voter	
  i	
  can,	
  by	
  completely	
  reversing	
  her	
  ranking,	
  switch	
  the	
  
winning	
  alterna've	
  from	
  x	
  to	
  some	
  alterna've	
  y	
  whom	
  she	
  
sincerely	
  prefers	
  (she	
  ranked	
  y	
  over	
  x	
  before	
  reversing)	
  	
  
•  Prove	
  that	
  Borda	
  cannot	
  be	
  manipulated	
  via	
  reversal	
  

(the	
  same	
  argument	
  shows	
  all	
  scoring	
  rules	
  are	
  similarly	
  immune)	
  

•  Prove	
  that	
  Simpson-­‐Kramer	
  can	
  be	
  manipulated	
  via	
  
reversal	
  

•  Difficult:	
  Prove	
  that	
  every	
  resolute	
  Condorcet	
  
extension	
  for	
  4	
  or	
  more	
  alterna'ves	
  can	
  be	
  
manipulated	
  via	
  reversal	
  

	
  

	
  



	
  
	
  

Recall . . . 3 large 
classes of SCFs  



6)	
  More	
  Rules:	
  	
  3	
  Important	
  Classes	
  	
  

I	
  Scoring	
  rules	
  
Like	
  Borda,	
  they	
  use	
  a	
  vector	
  
of	
  scoring	
  weights	
  
	
  w1	
  ≥	
  w2	
  ≥	
  .	
  .	
  .	
  ≥	
  wm	
  ;	
  	
  w1	
  >	
  wm	
  	
  
to	
  award	
  points.	
  	
  	
  
Each	
  voter	
  awards	
  w1	
  points	
  
to	
  top-­‐ranked,	
  w2	
  to	
  2nd,	
  etc.	
  
Winner	
  is	
  the	
  alterna've	
  
with	
  most	
  points.	
  
	
  

Examples	
  include	
  Borda,	
  
Plurality:	
  w	
  =	
  (1,0,0,	
  ...	
  ,	
  0)	
  
An/-­‐Pl:	
  w	
  =	
  (1,1,	
  ...,	
  1,0)	
  OR	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  w	
  =	
  (0,0,	
  ...,	
  0,-­‐1)	
  
Formula	
  1	
  racing	
  champ:	
  	
  	
  	
  	
  	
  	
  	
  	
  
w	
  =	
  (25,18,15,12,10,8,6,4,	
  	
  	
  	
  
1,	
  0,	
  0,	
  ...	
  ,	
  0)	
  [since	
  2010]	
  
k-­‐approval:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
w	
  =	
  (1,	
  ...,	
  1,	
  1,	
  0,	
  ...,	
  0,	
  0)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
with	
  k	
  1s	
  
	
  



6)	
  More	
  Rules:	
  	
  3	
  Important	
  Classes	
  	
  

II	
  Condorcet	
  Extensions	
  
	
  

Recall:	
  A	
  Condorcet	
  
alterna/ve	
  a	
  sa'sfies	
  a	
  >μ	
  b	
  
for	
  each	
  alterna've	
  b	
  ≠	
  a	
  
	
  

A	
  SCF	
  f	
  is	
  a	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Condorcet	
  Extension	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
if	
  f(P)	
  =	
  the	
  Cond.	
  alt.	
  (for	
  
each	
  P	
  having	
  a	
  Cond.	
  alt.)	
  

Examples	
  include	
  Copeland,	
  
Maximin	
  (Minimax,	
  
Simpson-­‐Kramer):	
  	
  
Simpson	
  Score	
  SS(a)	
  =	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Min	
  {NetP(a>x)|x	
  ∈	
  A\{a}}	
  
	
  

S-­‐K	
  rule	
  chooses	
  the	
  x	
  ∈ A	
  
maximizing	
  SS(x):	
  	
  it’s	
  a	
  
Condorcet	
  Extension	
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if	
  f(P)	
  =	
  the	
  Cond.	
  alt.	
  (for	
  
each	
  P	
  having	
  a	
  Cond.	
  alt.)	
  
	
  

Examples	
  include	
  Copeland,	
  
Maximin	
  (Minimax,	
  
Simpson-­‐Kramer)	
  
	
  

Top	
  Cycle:	
  A	
  subset	
  X	
  ⊆	
  A	
  is	
  
a	
  domina/ng	
  set	
  if	
  x	
  	
  >μ	
  y	
  
holds	
  for	
  each	
  x	
  ∈	
  X,	
  y	
  ∉	
  X	
  
	
  

TC(P)	
  =	
  the	
  smallest	
  
domina'ng	
  set	
  (which	
  is	
  
unique)	
  



6)	
  More	
  Rules:	
  	
  3	
  Important	
  Classes	
  	
  
III	
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  Elimina'on	
  Rules	
  
	
  

	
  



6)	
  More	
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  with	
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  profile	
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  for	
  P1	
  +	
  P2	
  

•  f(P1)	
  =	
  {a}	
  =	
  f(P2)	
  ⇒	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
f(P1	
  +	
  P2)	
  	
  =	
  {a}	
  

•  That	
  was	
  the	
  “resolute”	
  
form	
  of	
  Reinforcement	
  

•  Reinforcement	
  	
  	
  	
  “If	
  there	
  
are	
  any	
  common	
  winners	
  
among	
  f(P1)	
  and	
  f(P2),	
  
then	
  the	
  winners	
  f(P1	
  +	
  P2)	
  
for	
  the	
  combined	
  elec'on	
  
are	
  all	
  and	
  only	
  these	
  
common	
  winners”	
  



7)	
  More	
  Axioms:	
  	
  “middle”	
  strength	
  	
  
II  Reinforcement	
  
	
  

•  f	
  is	
  a	
  SCF;	
  N1,	
  N2	
  disjoint	
  
sets	
  of	
  voters	
  

•  P1,	
  P2	
  profiles	
  for	
  N1,	
  N2	
  

•  Combined	
  profile	
  P1	
  +	
  P2	
  	
  
(with	
  |N1|	
  +	
  |N2|	
  voters)	
  

•  If	
  a	
  is	
  unique	
  winner	
  for	
  P1	
  	
  
and	
  a	
  is	
  unique	
  winner	
  for	
  
P2	
  ,	
  then	
  a	
  is	
  unique	
  
winner	
  for	
  P1	
  +	
  P2	
  

•  f(P1)	
  =	
  {a}	
  =	
  f(P1)	
  ⇒	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
f(P1	
  +	
  P2)	
  	
  =	
  {a}	
  

•  That	
  was	
  the	
  “resolute”	
  
form	
  of	
  Reinforcement	
  

•  Reinforcement	
  	
  	
  	
  “If	
  there	
  
are	
  any	
  common	
  winners	
  
among	
  f(P1)	
  and	
  f(P2),	
  
then	
  the	
  winners	
  f(P1	
  +	
  P2)	
  
for	
  the	
  combined	
  elec'on	
  
are	
  all	
  and	
  only	
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Example:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
f(P1)	
  =	
  {a,b,c},	
  	
  f(P2)	
  =	
  {b,c,d,e}	
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  f(P1	
  +	
  P2)	
  =	
  {b,c}	
  

•  That	
  was	
  the	
  “resolute”	
  
form	
  of	
  Reinforcement	
  

•  Reinforcement	
  	
  	
  	
  “If	
  there	
  
are	
  any	
  common	
  winners	
  
among	
  f(P1)	
  and	
  f(P2),	
  
then	
  the	
  winners	
  f(P1	
  +	
  P2)	
  
for	
  the	
  combined	
  elec'on	
  
are	
  all	
  and	
  only	
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•  That	
  was	
  the	
  “resolute”	
  
form	
  of	
  Reinforcement	
  

•  Reinforcement	
  	
  	
  	
  “If	
  there	
  
are	
  any	
  common	
  winners	
  
among	
  f(P1)	
  and	
  f(P2),	
  
then	
  the	
  winners	
  f(P1	
  +	
  P2)	
  
for	
  the	
  combined	
  elec'on	
  
are	
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  and	
  only	
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  All	
  scoring	
  rules	
  
sa'sfy	
  reinforcement	
  
	
  

	
  

•  That	
  was	
  the	
  “resolute”	
  
form	
  of	
  Reinforcement	
  

•  Reinforcement	
  	
  	
  	
  “If	
  there	
  
are	
  any	
  common	
  winners	
  
among	
  f(P1)	
  and	
  f(P2),	
  
then	
  the	
  winners	
  f(P1	
  +	
  P2)	
  
for	
  the	
  combined	
  elec'on	
  
are	
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  and	
  only	
  these	
  
common	
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f(P1	
  +	
  P2)	
  =	
  f(P1)	
  ∩ f(P2)	
  



7)	
  More	
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  +	
  P2)	
  =	
  {b,c}	
  
	
  

ProposiBon:	
  All	
  scoring	
  rules	
  
sa'sfy	
  reinforcement	
  
	
  

Why?	
  Think	
  about	
  scores	
  of	
  a	
  
and	
  b	
  (above	
  example)	
  
	
  

•  That	
  was	
  the	
  “resolute”	
  
form	
  of	
  Reinforcement	
  

•  Reinforcement	
  	
  	
  	
  “If	
  there	
  
are	
  any	
  common	
  winners	
  
among	
  f(P1)	
  and	
  f(P2),	
  
then	
  the	
  winners	
  f(P1	
  +	
  P2)	
  
for	
  the	
  combined	
  elec'on	
  
are	
  all	
  and	
  only	
  these	
  
common	
  winners”:	
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  More	
  Axioms:	
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  +	
  P2)	
  =	
  {b,c}	
  
	
  

ProposiBon:	
  All	
  scoring	
  rules	
  
sa'sfy	
  reinforcement	
  
	
  

Why?	
  Think	
  about	
  scores	
  of	
  a	
  
and	
  b	
  (above	
  example)	
  
•  P1:	
  a	
  and	
  b	
  are	
  'ed	
  for	
  
highest	
  

	
  

•  That	
  was	
  the	
  “resolute”	
  
form	
  of	
  Reinforcement	
  

•  Reinforcement	
  	
  	
  	
  “If	
  there	
  
are	
  any	
  common	
  winners	
  
among	
  f(P1)	
  and	
  f(P2),	
  
then	
  the	
  winners	
  f(P1	
  +	
  P2)	
  
for	
  the	
  combined	
  elec'on	
  
are	
  all	
  and	
  only	
  these	
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  All	
  scoring	
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sa'sfy	
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Why?	
  Think	
  about	
  scores	
  of	
  a	
  
and	
  b	
  (above	
  example)	
  
•  P1:	
  a	
  and	
  b	
  are	
  'ed	
  for	
  
highest	
  

•  P2:	
  b	
  higher	
  than	
  a	
  
	
  

•  That	
  was	
  the	
  “resolute”	
  
form	
  of	
  Reinforcement	
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  there	
  
are	
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  common	
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among	
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  f(P1	
  +	
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and	
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  (above	
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  and	
  b	
  are	
  'ed	
  for	
  
highest	
  

•  P2:	
  b	
  higher	
  than	
  a	
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  +	
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  was	
  the	
  “resolute”	
  
form	
  of	
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and	
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  of	
  the	
  
axioma/c	
  method!	
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  But if you try 
sometimes you find 
you get what you 
need 
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D.  Greater	
  acceptance	
  of	
  
Approval	
  Vo'ng	
  as	
  a	
  
“compromise	
  candidate”	
  
among	
  vo'ng	
  rules.	
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  But if you try 
sometimes you find 
you get what you 
need 



Exercises	
  
4)	
  	
  Nanson’s	
  Rule	
  
•  Prove	
  that	
  Nanson’s	
  Rule	
  is	
  a	
  Condorcet	
  Extension.	
  

Hint:	
  Using	
  β(x)	
  =	
  Σy∈A	
  NetP(x>y)	
  to	
  generate	
  Borda	
  scores,	
  
show	
  that	
  the	
  average	
  Borda	
  score	
  of	
  all	
  alterna'ves	
  is	
  0.	
  	
  
Then	
  show	
  that	
  	
  β(z)	
  >	
  0	
  holds	
  for	
  a	
  Condorcet	
  alterna've	
  z.	
  

	
  

If	
  x	
  >μ	
  z	
  holds	
  for	
  each	
  alterna've	
  x	
  other	
  than	
  z	
  itself,	
  
we	
  say	
  that	
  z	
  is	
  a	
  Condorcet	
  loser.	
  Condorcet	
  losers	
  
exist	
  for	
  some	
  profiles,	
  but	
  not	
  for	
  others.	
  
•  Prove	
  that	
  Nanson’s	
  Rule	
  will	
  never	
  elect	
  a	
  
Condorcet	
  loser.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  

	
  


